H KYMATIKH
EEI2Q2.H

H AIAOOPIKH
EE1XQ2H
TOY KYMATOX




NA XYNAEGOYME

ME TO ITPOHI'OYMENO MA®HMA




ANTIKEIMENO THX MEAETHYX MAY EINAI OI

HITIEX ATATAPAXEX




* HIIIEE
AIATAPAXEZ

IZOPAZIKEZ EIMIPANEIEX

EIXAME OPIXZEI THN HITIA AIATAPAXH

Mua dwatapayr) Aoyiletatl @g rIma otav:
1. Mopoovpe va dtaxkpivoope
[ZOPAXIKEZ ETTIOANEIEZ.

MAG®HMATIKEXZ OMAAEX ETTI®ANEIE2,
S,
10V OLVIOTOLV
VEDPETPLKO TOMO ONHEI®V TOL X®POD,
OIIOL TO PLOKO peyebog, O,
TIOL IEPLYPUPEL T OlaTAPAX
eXeL TNV 10w T O
pia Sedopévn xpOoVviKr) oty t.
®s (x, y, z, t) = const.




* HNIEE
AIATAPAXES

2. Mmopovpe va oploovpe
«TAXYTHTA» 61d600ﬂ§
TOV VOIT®V 100PAOIK®V EOPAVELDY,

TH ©AZIKH TAXYTHTA, V¢
O1a0001g TOL KOPATOG.

IZOPAZIKEZ EIMIPANEIEX

Ot
XOPAXIKEXL
EITIOANEIEX

dxddovTaL
pe T Gaokn TaxvtnTa.
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H MH HIIA AYTH'
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H duvatdtnta d1AKPIoNG I00QACIKWY ETTIQAVEIWV KAl OPIOUOoU TNG TaxuTnTag 81ad00iRS ToOUug
gival autry Tou kaBioTa EMQ®EAH tnv Tn yvwon 1ng diatapaxns @ (x, v, z, t)
O€ KABE onEio TOU XWPOU KABE XPOVIKA OTIYUN.

‘Exe1 éva onpavTikO TTAEOVEKTNHA:

Edav n diatapaxn nrav dIa@opETIK ATTd oNUEio 0€ onuEio,

TOTE KaI av akéun fprav duvati n yvwon g D (X, y, z, t),
dev Ba rTav duvaTtr) N CUYKPATNON OTO HUOAO HOG MIOG «EIKOVACY
TTOU OUVEXWG METARAAAETAI UE TO XPOVO OE ATTEIPA ONUEia.

H Utrapgn icopacikwy etmigaveiwv OMAAONMOIEI Ta dTTeipa onueia Tou Xwpou.
Agv pag evolaQEPEI N CUUTTEPIPOPA KGBE onueiou atrd atrd Ta ATTEIpa,
OAAG N CUPTTEPIPOPA — DIAdOOT TWV IC0PATCIKWYV ETTIPAVEIWV. .

F » Xtn Guotkr) dev eTUDLWKOVUE TTOAAEG POQES TO LOAVIKO!
3 To Wwavko o1 YvwoT g kataotaong tov agpiov Oa 1tav va yvwetlovue
TV TaxvTnTa ke poptov kaxbe xpovikr) otryun!




[TOIA EINAI
H EZEIAIKEYMENH
MOPOH
D(x, y, z, t)
[IOY I1EPITPA®EI
KYMATIKH

AIAAOXH;




H ATAIX©OHXH AEEI OTT H MAOHMATIKH AYTH EKOPAYXH ©®A EXEI
OPIXMA MIA EKOPAYH ITOY GA ANTIKATOIITPIZEI TH TE®@YPQYXH
XPONOY - XQPOY
I1IOY EIIIBAAAEI H YTIAPEH THY OAXIKHY TAXYTHTAL.

Y TOXOX MAX EINAI AOITION
NA BPOYME THN EZEEIAIKEYMENH EKOPAYH
[TOY ITEPITPADEI TO KYMA.

H AOETHPIA EINAI OTI MIA ET'KAPXIA ATATAPAXH
y(x,t=0)=y,(x)
EXEI ATIOKATAYXTA®EI XE MIA TENTOMENH EAAYTIKH XOPAH TH XTIIT'MH
t= 0 KAI ATAAIAETAI KATA MHKOYX. TOY AEONA x XQPIX IIAPAMOPDQYXH
[TPOX. TA AEEIA ME ®AXIKH TAXYTHTA v.

ANAZHTOYME THN
1 EEIXQXH y (x, t) mov Oivel

TNV EYKAPOLX ATIOUXKPVVT Y
oc kaBbe Oéon x xabe otryun t.

y(x,t=0)= y,(x)




TH AIAAOXH THN ITAPAKOAOY®OYN AYO ITAPATHPHTEX.
O ENAX (0) [TAPAMENEI AKINHTOZX.

O AEYTEPOX KINEITAI (0") ME THN TAXYTHTA ATAAOXHY THX
ATATAPAXHZX v.

ITAPAKOAOY®OYN KAI OI AYO ENA XAPAKTHPIXTIKO XHMEIO
TOY ITAAMOY, THN KOPY®PH TOY.
H IXODAXIKH ETTIOANEIA EXEI EKOYAIXTEI XE XHMEIO XTH
MONOAIAXTATH AYTH ATAAOXH.

METAEY TON METPHXEQN OEXHX - XPONOY TON AYO
YTIAPXEI YYXXETIXH ITOY MAYX. OAHI'EI XTHN EYPEXH THX
MOPOOAOITAY THY y (x, t).




\FO H KYMATIKH EEI2XQ>H

v, ) ‘/

0,01 y,y, Ny : ° y,y' X, X
1L
0 81 | N
. X x,x
t' =t V(X )= f(x") = f(x—vr)
X’:X_Ut y(xat):y’(x’at’)

Y= fr—on* 5




H KYMATIKH EEI>Q>H

KA®E LYNAPTHXH THYX MOPOHL

y(x,t) = f(x—vt)

[TEPIITPADEI MIA AIATAPAXH
[TOY OAEYEITIPOX TA AEEIA ANAAAOIQTH
ME TAXYTHTA v.

AEIZETE OTI AN H ATAAOXH I'INETAI TTPOX TA
APIXTEPA H KYMATIKH EEIXQX>H EINALI:

<
y(x,t) = g(x+ur)




Y § f}\ t
+0 —

X

AAAHTIPOXEITIZH

y(x=0,1)= f(¢)
Y(xaf)=y(x:0,t—fj:f(t_fj - ?

y(x,t) = f(t_f)

U

X
AEIETE OTI y(x, t) _ g(f n

I'TA ATAAOXH ITPOX TA APIXTEPA EINAL:

U




Yt = f(x=ot)  ynt) = fE-2)

— U
v(x,t) = g(x+uvt) ()= 8(f+%)

y(x,t)=f(x—-vt)=f —U(t_zj

D

H KYMATIKH EEI>Q>H




OI EEIXZQ2EI>2 AYTEX
[TOY TO OPIZMA TOYX
[TEPITPA®EI THN
IAIAZOYZ2ZA
2Y2XETIZH
XPONOY-XQPOY
[TOY EITIBAAAEI

H YITAPEH
OAZIKHX TAXYTHTAX
[TEPITPAOOYN
ATAAO2ZH ATATAPAXHX
XQPIX TTAPAMOPOQ2H
ME TAXYTHTA o

y(x,t) = f(x—vt)
y(x,t) = g(x +vr)

() = ft—2)
9

y(x,t) = g(t+2)
9

H KYMATIKH E=ZI12Q2H




Q)
®® A2KH2H

[Toteg
aT0 TG 5 CLVAPTIOELS
y(x, t);
Mmopet, kat” aQxag,
V& VAL
Kuvuatweg E€lowoels

> _2bxt+ bt
10(x - b

: sm[( —bt) ]
2x —3bt



. @8 ATAQOPIKH EEIZQXH
¥ =4 . F— T OY
KYMATOX.

EINAI APKETH
HI'NQXH THX

y(x, t) = f(x — Ut)

OXI!




[1OIO EINAI TO
AITHMA;

TO EYPHMA

y(x,1)= flx—vr)

EINAI KATI XAN OPIXMOZX.

Avto mov OéAovpe va yvwolCovue etvatl
EQV PETA T1) DLEYEQOT) EVOG OLOTIUATOG T
dLaxdooT) ¢ datapaxr)c Ba meprypadetal
amo Vv e£l0wWOoT) TOL KUPATOG.

«AYNAMIKO»
KPITHPIO




[1OIO EINAI TO
AITHMA;

XPEIAZOMAZTE
ENA«AYNAMIKO»KPITHPIO
MIA ATAOOPIKH EEIXZQ>H

oo Ha mPOKLIITEL AIIO TNV
£PAPPOYI) T®V VOP®V IOV
IIEPLYPAPOLV TIG EMOPUOCELG HTAV®
oto ovotnpa Kat Oa xet oav Avon
nVv:

y(x,1)= f(x—uvr)




y ANAAOIO AITHMA
EIXAME META TON OPIZMO THX
[PAMMIKHZ APMONIKH2 TAAANTQ2XH2

O OPIEMOY. THX. x(t) = Asin wt
TPAMMIKHE APMONIKHY. TAAANTQEHY

d’x(t)
TO AYNAMIKO KPITHPIO | +kx(t) =0

dt’

To copa kaver y.a.t yiati oe pux tuxadio Oéonm
peta v epagpoyn tov F =my (©.N.A)
LKAVOTIOLELTOL TO OUVAULKO KQLTHNQLO TTOL £XeL oav AVOT) TNV ©.N.A

x(t) = Asin wt



2TV TTEQLTITWOTN TG OLlXd0O0TG

EYKAQOLOL TTAAHOV O¢€ X0QOT)

TO (OO0 TIRETIEL VA KAVOULE.
Na amopovwoovpe
EVA TUXALO OTOLXELWOES TUTUA TNG
HLX TUX LA XQOVLIKT] OTLYUT),
va ROV UE TIG OUVAUELS TTOL AOKOUVTAL TTAV® TOU
KaL va dovue
AV IKAVOTIOEL UL DxPOQIKT] €EL0WOT] — DLVAULKO KQLTNOLO
7oL £xeL oav AVOT) TNVv:

y(x,t)= f(x—vr)




F(x+dx,t)

V| f =2
?’Ax y(X, t
Fio A,
dx X
N —
T u:% T

[TPOTYIIO



Ot aAANAeTTIOQAOELS — DVVAMELS
0TI U XAVIKT TTEQLYOAPOVTAL ATIO TS DVUVAMELS

d*r
dt’

Y UVETIWG TO DUVAULKO KQLTNOLO TTOL avalntovpe Oa TeTeL
Vo £XEL AVTOV TOV 0QO.
Me adetnola v

y(x,t)= f(x—vr)

Le DLXDOYXIKEG TIAQAYWYLOELS TNG
y(x, t) wg Tpoc To t KaL x
OLAUOQPWVETAL TO OUVAHLIKO KQLTNQLO.

m



y(x, t) — f(x — Ut)

h=Xx-—Ut
oy(x,t) _ df (h) Oh(x—vt) _ A
Ot dh Ot dh

oy(x.1) _df () Oh(x—vr) _df(h)

OX dh ‘ Ox dh
xPoNIKox | [V, 1) -

b U@(XJ) XQPIKOZ
PYOMOXZ Ot Ox PYOMOXZ




8y(x, t) . oy(x,t)

ot OX

I[TAPATHPEIXTE!
O X00VIKOS QOGS peTAOANG NG Y
elvaL avaAoyog Tov XwELkov QUOUOD.

ITAPATHPEIXTE
TNV AAATAEEAQTNOT TN XWOLKT)G KAl TNG XQOVIKNG
oLVUTIEQLDOQAC.




8y(x, t) . oy(x,t)

Ot

OX

I'TATI

AEN X TAMATAME |

ey
T
>
S

EINAI AYTO |

(L]

NA

AYNAMIKO KPITHPIO;




oylx,t) __ df(h)

— (1)
ot dh
5 @y(X,t) _ Gzy(X,f) _ d {—U df(h)} 6h(x—ut) _ _02 dfz(h) (3)
ot o or*  dh dh ot dh’

Ox dh

0 oylx,t) _O’y(x,0) _d (df(h)j Oh(x—vt) _d’f(h)

= 4
ox Ox Ox” dh\ dh Ox dh’ %)

y(x,t) 1 Oy(xnt)| I

Ox” - ot ,

—




H ATAOOPIKH EZEIXQYXH TOY KYMATOXL

0" y(x,t) _ 1 0" y(x,0)
ox>  v* o

AYTO EINAI ENA

AYNAMIKO KPITHPIO!




2YNOWH
0" y(x,t) _ 1 0°y(x,1)

3
Ox” v° ot

MIA AITIAA ATAOOPOIIOIHXIMH YYNAPTHXH
[IOY TO OPIEMA THX XYXXETIZEI TO XPONO ME
TO XQPO ME TON TPOITO
y(x,t) =t(x-vt)

[TEPITPAOOY2XZA ATAAOXH ATATAPAXHX TTOY
ATAAIAETAI XQPIX. TIAPAMOP®Q>H ME
TAXYTHTA v
IKANOIIOIEI TH

AIAOOPIKH E=zIZQ2H TOY KYMATOX2




[TPEIIEI NA

«ANAKPINOYME»

TOYX

TYTIOYXZ OYXIKH2!

IIPEIIEI
NA ATITOKAAYTITOYME
DOYXIKEY EIKONEX
ITOY KPYBOYN.




ANAKPI2ZH

TOY TYIIOY

8y(x, t)

— = L = —D)

81‘ I

SOYPA  OX

TI EINAIAYTO;

TI EINAIAYTO;




= —D
ot OX
t t+At
+ D——> 7/2
B A X
+D:>/([§<b\\;;
v X

EIKAP2ZIA TAXYTHTA (u) = —(D) KAIZH
Boeite pax mototikr) diapoga Twv dLO TAXVLTNTWV.

MPOPEI NA EINAI u>c;



8y(x,t) . 8y(x,t)

ot OX

+Up >

YT KOUATA TTOL 00€VOLV TROG T deSLx
N EYKAQOLX TaAXVTNTA elvat O eTIK)
OTIOVL 1] KALOT ELVAL AQVTTLKT) KL AVTLOTQODA.

H EITKAPZIA TAXYTHTA
TH2 KOPYDOHX TOY ITAAMOY
EXEI METPO MHAEN.




_oylxt) , WX, 1)

t U

> ot ot

[T~ :

[TPOX TA TTIOY KINEITAI O TPIT'QNIKOX
[TAAMOXZ AN H KATANOMH TQN
ETKAPXZION TAXYTHTQN
2TIXZ ATAOOPEX OEZEIX
AIAETAI ATTIO TO KATQ 2XHMA;

X f@@



Tpryovikog maApog 01adldeTatl Katd prjKog Tov asovda X.
2.TO OTLYPLOTLIO, TA PIIAE AVOOPATA AIIEKOVICOLV TIG
EYKAPOLEG TAYVTNTEG OTOLYELMOMV THNHIATOV TG XOPO1)S.

'
3,
[lapatnpeiote TV anotopn aAAayr) g TayLTTag
ot Beon x,

2NPAatoooTelTal

ATIEIPH emtayovon!

Emtpenetatl Katt TEToo;




Tetpaymvikog maApog 01adideTal Katd prjKog Tov asova X
1ipog ta 0eGla. Na yivel To Otaypappa g KATavopr)g
TOV EYKAPOLDOV TAXLTTOV OTLG Ota@opeg Heoelg trg Yopors.

X1 3% X

21N Patodo0TeELTAl AIOKATAOTAON
ATIEIPHX eykapotlag tayotntag
ot1g Oeoelg
X, X,
KATd T 01adoorn Tov DaApov!
Awatoloyeilote ylati Ogv elvatl epiKTO avTo.




b

[TPEITEI NA AIAKPINOYME METAEY
MAO®OHMATIKON - AIAAKTIKQN
AIEYOETHXEQN
KAI
OYXIKON AIEYOETHXECQN.




H E=I2Q>H

b3
b*+x°
2b vx

b* + x* )2

u(x,t=0)=



[TATI O ITAAMOX «2ZTTPQXNETAI»
NA KINHOEI TTPOXZ TA AEEIA;
ENNOIOAOI'TKH EEHI'H2H.




Gy(x,t) . Gy(x,t)

ot OX

EITKAP2ZIA TAXYTHTA u = -0 KAIZH

H eykapola taxvtnta meoodiopiCel tnv Kivntikn Evépyela.

H xAiomn mpoodiopiCet tn Avvapuikr) Evépyela.
I'TATL
Omov kat 0ty vapx et Kivntkr) Evépyewx
vragxet avaAoyn Avvaukr) Evépyeia.
Yupdpwvelte;
To meguuevare;






(1)

(1)

[




y(x, t) = Acos(wt-kx)
Gy(x,t) . Gy(x,t)

ot OX

EINAI METAAO AAGO2 NA TAYTIZOYME THN KINHZH —
MIAZ 2TOIXEIQAOYZ MAZAZ TH2Z XOPAHX
ME THN EAEYOEPH APMONIKH KINHZH MIAZ MAZAX
[MOY EINAI AEMENH 2E ENA EAATHPIO!

Ta kokkwva onueia moon K.E kat A.E éxovv;



«ANAKPIZH»
TOY TYIIOY

0" y(x,t) 1 0" y(x,1)




82y(x,t) _ 1 82y(x,t)

l Ox”

v: ot ‘

R=—

1 AKTINA

o KAMIIYAOTHTAX

KAMHY?OTHTA EITIITAXYN2ZH
0’y
2 >
D _3/2:>5_y<<1:>k:5y(x,t)
OX 0°x

YTIAPXEI OETIKH EITITAXYNXH
OO H XOPAH EXEI TA KOIAA
[TPOX TA TTANQ.




82y(x,t) 1 82y(x,t)
o’ v o
KAMITIYAOTHTA | |EITITAXYNXZH

AwaloAoyetote evvoloAoyka tn oxéon
KAUTTVAOTNTAG-AKTIVAG KAUTIVAOTNTAG
LLE TNV ETILTAXVLVON.

+0
\

MCRER)

0”x

R=—
K



YXTON TYTIO

YITAPXEI TO ATIOTYTIOMA

THY 2YXXETIZHX XPONOY-XQPOY.

H XQPIKH EITTITAXYNXH

EINAI ANAAOI'H

THY XPONIKHX ETTITAXYNXHX.




[Towa etvat n) emtayovorn)
otn Oeon

X

3/2



H ETIITAXYNXH
EXEI ®OPA
[TPOYX TA ITANQ
OIIOY
H KAMITY AH
2 TPEODEI
TA KOIAA

oy (x,t) . Oy(x,t)  TIPOZTIANQ.

ot OX

82y(x,t)_ 1 (92y(x,t) K:'H(ayj”z
o’ v or -




8y(x,t) _ 8y(x,t)
a(; X | [SYNEIQY
yéx’t) <<1 u<<vo
X

I

ITPOTYTIO

H ®Y2IKH TAXYTHTA
u
EINAI MIKPOTEPH THZ
"MAGHMATIKHX"
U

HTAN AYTO ANAMENOMENGO;




[TOIA TMHMATA
THYX XOPAHXL

EITITAXYNONTAI
[IBPAAYNONTAIL




YAY EYXAPIXZTQ!




